2 axis with a Plan-Apochromat 20x/0.8 objective on a Zeiss LSM 710 confocal system (Carl Zeiss Microimaging). The stack of 54 images was reconstructed using ImageJ (National Institutes of Health, version 1.43u).
Supporting Materials

S1
. Three-dimensional structure of midline cerebral pathways in the rhesus monkey. In rhesus frontal lobe (seen from above), paths through regions at three depths have parallel crossings (A), indicating that the near orthogonal structure of pathways is not limited to a particular plane but exists throughout a 3D volume. Here the pathways are longitudinal and transverse, being elements of SLF1 and of the corpus callosum.
Crossing paths of rhesus midline system form a closed 2D sheet (B). Four seed regions are selected. The paths of each (shown as perpendicular single-color pairs) intersect as a grid to form a single closed sheet. In each case, the pair of paths crosses every other pair not in one but in two locations, demonstrating the geometrically exceptional co-planar character of these pathways. Two closed rectangles of paths are indicated: turquoise and orange (arrows), magenta and yellow (arrowheads). 4 5 S2. Sheet structure. The documented sheet structure is highly exceptional geometrically and cannot reasonably be explained as a technical artifact, but is best explained as an authentic component of brain structure.
In three dimensions, two smooth families of curves can have 2D surfaces in common only if they are inter-related in a particular way. By the Frobenius theorem due to Deahna and Clebsch* 28, 28 , such surfaces can exist only if a specific function -the normal component of the Lie bracket of the streamlines, representing their mutual twistis equal to zero at every point in the region in question. Because this function a priori can have any value, the observation that it is effectively zero everywhere is highly exceptional. This condition is equivalent to the requirement that quadrilaterals formed of these two fields of curves close in 3D so as to define 2D surfaces rather than forming open spirals in 3D.
In contrast to the observed data, the typical condition of crossing paths in 3D is illustrated in Figure S2 (i.e. any case in which the normal component of the Lie bracket of the streamlines is not zero throughout the region). This Figure illustrates one slice in a 3D structure homogeneous along the z-axis, known as a "contact structure"* 27 . Here, two fields of orthogonal streamlines were represented by red and green; the green line-field is perfectly horizontal (left-right) everywhere, while the red line-field changes pitch uniformly from left to right A negative control is presented in DSI tractography of the rat heart, where crossing paths in the heart left ventricular myocardium are known not to form * Fiber orientation MRI is based on the isomorphism of Grassmann manifolds of k-planes in n-dimensional space G(n,k) with their perpendicular (n-k)-planes: G(n,k)  G(n,n-k), specifically, G(3,1)  G(3,2) between lines and planes in 3D. In traditional diffusion imaging (DSI, etc.) , this isomorphism is used first by diffusion encoding from the distribution of fibers to the distribution of signal in q-space G(3,1) => G(3,2), and then reversed by an integral transform (3DFT, Radon, etc.) G(3,2) => G(3,1). In circular encodings, these two functions are combined within the physics of the circular encoding G(3,1) => G(3,1).
In the present experiment, we obtained "DSI with circular encoding" in which each conventional DSI q-encode was replaced by a circular encode in the perpendicular plane, scaled to its b-value. In each excitation, the gradient pulse sequence components in the 2D plane are represented by time series
x' = {1, 1, -1, -1} y' = {2, -2, -2, 2}
with {x', y'} orthogonal coordinates within the plane, giving a rhomboid trajectory. This trajectory has equal b-sensitivities in its x' and y' components to suppress in-plane orientation bias.
DSI with circular encoding was acquired for a fixed rhesus monkey brain specimen, with 600 µm isotropic resolution, with circular diffusion encodes. The circular encodes were an ensemble of 515 measurements, each one corresponding to (scaled and normal to) a vector in the 3D cubic lattice of 5 units in radius (i.e., identical vectors as the DSI sampling ensemble) with b max = 3.10 4 s cm -2 (where b = ∫|q| 2 dt, q = ∫ γG dτ, G the gradient, γ the 1 H gyromagnetic ratio). The 3D array of data at each voxel was converted into an orientation density function by radial summation, streamline tractography was computed as above, and neighborhood analysis was performed to identify path structure.
Results are shown in Fig, S8 . Here, neighborhoods of the cingulate and central sulci demonstrated sheet-and grid-structure in agreement with the conventional DSI.
Specifically, the midline system demonstrated transverse callosal and longitudinal SLF1
pathways that crossed so as to form sheets as in Fig. 1 , whereas that of the central sulcus comprised long and association pathways of transverse and longitudinal orientations, slightly oblique to the gyral axis, as in Fig 3. This concordance supported the relative 22 independence of present observations of path anatomy and grid structure from the precise structure of the diffusion propagator, provided it preserves the symmetries of fibers and their diffusion contrast. It also suggests independence of image resolution and signal-tonoise within the ranges tested, a factor of 3 in volume resolution (DSI at 400µ vs. circular contrast at 650µ), and a factor of 2 in signal-to-noise ratio (DSI 150:1 at b=0 vs. circular 75:1). to the principal axes: rostro-caudal, turquoise; transverse, red; and dorso-ventral, dark blue. These paths cross in three nearly orthogonal planes: curved coronal planes (red and turquoise), tilted para-sagittal planes
